Many solid tumour growth models are formulated as systems of parabolic and/or hyperbolic equations. Here an alternative, two-phase theory is developed to describe solid tumour growth. Versions of earlier models are recovered when suitable limits of the new model are taken. We contend that the multi-phase approach represents a more general, and natural, modelling framework for studying solid tumour growth than existing theories. two-phase model, solid tumour growth, di usion, mechanical stresses
Introduction
The range of mathematical approaches used to describe solid tumour growth is increasing at a dramatic rate. Whilst stochastic and cellular automata based models have been proposed 5], 2], most models are deterministic and comprise mixed systems of partial di erential equations, two representative approaches being those of Greenspan 9] and Sherratt and Nowak 12] . In 9] the tumour is treated as an incompressible porous medium in which di usion of an externally-supplied nutrient leads to nonuniform cell growth and hence pressure di erentials within the tumour. These drive a cellular velocity governed by Darcy's law. The model is formulated as a free boundary problem, with the outer tumour boundary moving with the local cellular velocity. By contrast, in 12] reaction-di usion equations are used to describe the invasion of tumour cells into normal tissue, without accounting for the velocity eld driven by cell growth.
It is sometimes di cult to identify the assumptions that such models have in common and to determine which features are model-speci c. We aim to shed light on some of these issues by showing how models of the type proposed in 9, 12] may be recovered as limiting cases of a model in which the tumour is viewed as a two-phase material. A further advantage of the two-phase formulation is that it provides the starting point for the incorporation of any number of additional phases, as required to describe more complex aspects of solid tumour growth. For example, interactions between tumour cells, the extracellular matrix and the vasculature could be studied by including additional, appropriately-de ned phases.
The remainder of the paper is organised as follows. The two-phase model is formulated in general terms in x 2. A simpli ed, one-dimensional model is developed in x 3. In x 4 we show how models similar to those of 9, 12] are recovered when appropriate asymptotic limits are taken. The paper concludes with a summary in x 5. Useful background to two-phase modelling is provided by 4] and simpler, two-phase models of solid tumour growth are described in 10, 11].
Model Formulation
We now formulate our mathematical model of solid tumour growth. We suppose that the tumour comprises cells and water alone and denote their respective volume fractions by and . As there are only two phases present, and satisfy the no-voids, or excluded volume, relation:
(1) We associate with each phase a velocity, a pressure and a volume-fractionaveraged stress tensor: these are denoted (v c ; p c ; c ) for the cell phase and (v w ; p w ; w ) for the water phase. Our mathematical model is developed by applying mass and momentum balances to the two phases.
Mass Balances
We treat the cell and water phases as incompressible uids whose densities are, to leading order, equal. In consequence, mass balances for the cell and water phases may be expressed in terms of the volume fractions, and , in the following way: 
In equations (2), S c = S w is the volume conversion rate (i.e. the net cell proliferation rate; we thus view cells as made essentially of water). Adding equations (2) and appealing to (1), we may rewrite the mass balance equations in the equivalent form 
Momentum Balances We assume that inertial e ects and advective momentum transport may be neglected and that no external forces act on the system. Under these assumptions, the momentum conservation laws reduce to force balances. (6) In the momentum equations above, the contribution due to phase change has been neglected because in biological applications it is typically very small compared to the interaction forces F cw and F wc . In consequence, using equations (4)- (6) we deduce that F cw = F wc .
At this stage, our model comprises equations (3), (4) and (6) and is under-determined. By choosing appropriate constitutive laws for c and w , F wc and S c , we now close our model, specialising it to describe avascular tumour growth. Constitutive Assumptions
As stated above, we view the cell and water phases as incompressible uids. More speci cally, we assume that, on the timescale of interest, the cells can be treated as a viscous uid and the water as an inviscid one and, hence, we set c = p c I + c (rv c + rv T c ) + c (r:v c )I and w = p w I: (7) In (7), c and c are the shear and bulk viscosity coe cients of the cell phase, and I is the identity tensor. We assume further that the cell pressure is related to the water pressure p w = p as follows:
In (8), c ( ), the pressure di erence between the two phases, may include contributions due to, for example, cell-cell interactions and membrane stress. By de nition, we have c (0) = 0. We assume that F wc consists of contributions due to pressure and drag, so that
(9) where k = k( ) is the drag coe cient.
Under the above constitutive assumptions, equations (4) and (6) In practice, the local birth and death rates of tumour cells are regulated by di usible growth factors and nutrients. Following 8], we assume that the growth rate of the tumour cells is regulated by a single, rate-limiting nutrient, such as oxygen. This nutrient, which is distributed uniformly in the material surrounding the tumour, is consumed by cells as it di uses toward the tumour centre. Denoting by C(x; t) the nutrient concentration at a point within the tumour, and making a pseudo-steady-state approximation, it follows that C satis es:
In ( We must also prescribe both the domain of interest and appropriate boundary and initial conditions. We postpone their discussion until further model simpli cations have been carried out.
3 One-Dimensional Model
Henceforth we assume that the tumour undergoes one-dimensional growth, parallel to the x-axis, that it occupies the region R(t) x R(t) at time t and is symmetric about its midline x = 0. Under these assumptions, equations ( 
In order to close equations (13) 
= 0 (x); R = R 0 at t = 0: (19) Equations (17) ensure symmetry about x = 0. In (18), C 1 denotes the nutrient concentration in the medium surrounding the tumour and we assume that the nutrient concentration is continuous across the tumour boundary; (18) also guarantees continuity of the normal component of the cell and water stress tensors across the tumour boundary, with the ambient pressure outside the tumour normalised so that p = 0 there and the tumour boundary is stress-free. Finally, equations (19) specify the initial cell distribution within the tumour and its initial size.
Integrating the second of (13), subject to the rst of (17), we deduce that v w = 1
Integrating the rst of (14), subject to (18) 
Substituting for p and v w in the second of (14) we deduce that our onedimensional model of solid tumour growth comprises the rst of (13), (15) 
This system of equations, which is de ned on a moving domain, is subject to the boundary and initial conditions for ; v c ; C and R stated in (16)-(19). Finally, by integrating (13) over 0; R(t)] and using (18) and (19), we obtain the following global mass balance, which will be used in x 4: with R = R 0 at t = 0: (27) We remark that the boundary conditions for at x = 0; R guarantee that the original boundary conditions for v c are also satis ed, even though^ c ! 0 is a singular limit of (13)-(15). This model is similar to reaction-di usion models of tumour growth in 7, 12]. The key di erences here are our formulation of the problem as a moving boundary one and the fact that drag and cell-cell interaction e ects are responsible for the cell`di usion' term, rather than random motion of the cells themselves (the latter may be expected to be negligible in denselypacked regions of tissue).
It is possible to show that when viscous e ects are neglected the pressures and velocities in each phase are related in the following way: In particular, the nutrient distribution within the tumour, its rate of consumption by the cells and its impact on the cell proliferation rate dictate the tumour's evolution. Models of this form were among the earliest models of avascular tumour growth 1], 8].
Conclusions
In this paper we have used two-phase theory to develop a new mathematical model of avascular tumour growth. The resulting moving boundary problem, when formulated in a slab geometry, comprises a rst order PDE for the cell volume fraction and two di usion equations for the cell velocity and nutrient concentration.
We have shown how the neglect of viscous e ects reduces the model to a system of reaction-di usion equations and that, in this limit, modi ed versions of Darcy's law relate the pressures and velocities of the cell and water phases. As a result, we are able to provide an alternative physical approach to formulating reaction-di usion models of solid tumour growth (contrast 7, 12], for example). By considering limits in which both viscous e ects and drag are negligible, we recover a model which is qualitatively similar to the earliest models of solid tumour growth, see 1, 3, 8] , in which spatio-temporal variations in cell volume fraction are neglected and the tumour's growth rate is assumed to be limited by a single, externally-supplied nutrient.
The two-phase approach that we have presented seems more physicallybased than modelling frameworks typically used previously to study solid tumour growth. In addition to providing an alternative, physical interpretation of the assumptions that may underpin existing models, we believe that the two-phase approach is the most appropriate for generalisation to include additional phases such as the extracellular matrix and vasculature. Future work will also investigate the implications of using other constitutive assumptions to close the governing mass and momentum balance equations. For example, in 11], the authors assume that in viable regions of the tumour the cells are uniformly compacted and therefore replace the relation p c = p w + c by the assumption that = (in our notation). Such generalisations and modi cations should permit investigations of the interactions between tumour cells, the surrounding tissue matrix and the local vasculature.
